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Abstract. A Banach space X is asymptotically symmetric (a.s.) if for some C < oo, for 
all m £ N, for all bounded sequences (xj)^*L 1 C X, 1 < i < m, for all permutations a of 
{!,..., m} and all ultrafilters U\ , . . . , U m on N, 
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We investigate a.s. Banach spaces and several natural variations. X is weakly a.s. (w.a.s.) 
if the defining condition holds when restricted to weakly convergent sequences (x l j)Jt 1 . X 
is w.n.a.s. if we restrict the condition further to normalized weakly null sequences. 

If X is a.s. then all spreading models of X are uniformly symmetric. We show that the 
converse fails. We also show that w.a.s. and w.n.a.s. are not equivalent properties and that 
Schlumprecht's space S fails to be w.n.a.s. We show that if X is separable and has the 
property that every normalized weakly null sequence in X has a subsequence equivalent to 
the unit vector basis of Co then X is w.a.s.. We obtain an analogous result if Co is replaced 
by £1 and also show it is false if co is replaced by l v , 1 < p < 00. 

We prove that if 1 < p < 00 and || EIU ^11 ~ nl/ " for a11 0^)" G W™> the n * h 
asymptotic structure of X, then X contains an asymptotic £ p , hence w.a.s. subspace. 



0. Introduction 

In their fundamental paper |KM| J.L. Krivine and B. Maurey introduced the notion of a 
stable Banach space and proved that such spaces must contain almost isometric copies of 
l p for some 1 < p < 00. X is stable means that for all ultrafilters IA\ and IA2 on N and all 
bounded sequences (x n ) and (y n ) in X, 

(0.1) lim lim \\x n + y m \\ = lim lim \\x n + y m \\ . 

n,Ui m,U2 m,U2 n,Ui 

A major application of [KM was to deduce Aldous' theorem that every infinite 
dimensional subspace of L p (1 < p < 2) contains almost isometric copies of i r for some 
p < r < 2, by proving that L p is stable. The starting point of our investigation is a result 
on noncommutative L p spaces. We first formulate the problem which led to that research. 

Problem 0.1. Let 1 < p < 2 and let X be an infinite dimensional subspace of L P (N), the 
noncommutative L p space associated with a von Neumann algebra N. Does X contain an 
isomorph of t r for some p < r < 2? 

In general jJRj noncommutative L p spaces fail to be stable. However, if 1 < p < 00 these 
spaces L p (N) satisfy the following inequality for some universal C < 00 |JR| . For all m, all 
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permutations a of {1, . . . , m}, all bounded sequences in L P (N), (x l n )'^' =1 for i < m, and all 
ultrafilters Ui, . . . ,U m on N, 



Every stable space X satisfies (j0.2jl with C = 1 and if Y is isomorphic to a stable space, 
then Y satisfies (jOJ) for some C. 

X is called asymptotically symmetric (a.s.) if it satisfies (|0.2j) for some C < oo where 
the sequences (xjj C X JR . It is easy to check that the Tsirelson space T is a.s. and so 
a.s. need not imply that a space contains an isomorph of some £ p or cq. But the following 
problem remains open. 

Problem 0.2. Let X be an infinite dimensional asymptotically symmetric Banach space. 
Does X contain an asymptotic £ p subspace for some pi 

A Banach space X with a basis (ej) is called asymptotically £ p |MT| if for some C < oo 
for all n, every normalized block basis (xi)f =1 of (ej)^ n is C-equivalent to the unit vector 
basis of £p. In this case (ej) is called an asymptotic £ p basis for X. 

If X is a.s. then every spreading model (xj) of a normalized basic sequence (ajj) in X is 
C-symmetric for some fixed C < oo. As we shall see in §2, a.s. says much more than this. 

Theorem 0.3. There is a reflexive Banach space X such that all spreading models of X 
are C-symmetric for some fixed C yet X is not asymptotically symmetric. 

In fact given 1 < p < oo we can construct the space X in Theorem EES to have the 
property that every normalized weakly null sequence in X has a subsequence 4-equivalent 
to the unit vector basis of £ p . We show that if £ p is replaced by Co (or £\ under an appropriate 
restatement) then one has positive results. 

In §3 we prove 

Theorem 0.4. There exists a reflexive space Y which is not asymptotically symmetric and 
yet for some C < oo, (|U.2|I holds for all normalized weakly null sequences {x l n ) c ^ =l , i < m, 
in Y . 

Y is the Tirliman space 7$ (2; 1/2), a subsymmetric version of a space due to L. Tzafriri 
|Tzj , as presented in |CS| . We show that Y contains an asymptotic £2 subspace and hence is 
not minimal. More generally, we prove that if X satisfies, K^n 1 ^ < \\ ]P™ =1 Xi \\ < Kn 1 ^ 
for some 1 < p < 00, K < 00, all n £ N and all (xi)f =1 £ {X} n , then X contains an 
asymptotic £ p , hence w.a.s., subspace. {X} n is the n th asymptotic structure of a space X 
due to jMMTj . 

In §4 we show that Tsirelson's space T is not iteration stable. This notion, due to 
H. Rosenthal, is another weakening of the definition of stability. 

§1 contains the definitions of certain variants of a.s. and the relations between them as 
well as certain preliminaries. The authors wish to thank H. Rosenthal for many enlightening 
discussions. 



The definition of an asymptotically symmetric Banach space X can also be formulated in 
this way. X is asymptotically symmetric if for some C < 00, for all m E N, for all bounded 
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(1.1) 



oo 
nJn- 



1 < i < m, and for all permutations a of {1, 2, . . . , m}, 



lim . . . lim 



E^ 

i=i 



< C lim 

n<r(l)-*' 



lim 



E 



provided that these iterated limits exist. 

Just as stability was weakened to "weak stability" to handle the case of spaces like 
Co |ANZj . it is useful to consider certain variants of a.s. We will say that X is weakly 
asymptotically symmetric (w.a.s.) if holds when restricted to sequences (x t n )'^ 3 =l C 

X which are weakly null. This is actually equivalent to restricting to weakly convergent 
sequences, although the constant C could vary. One could also restrict (jl.lj) to normalized 
sequences in X. However it is not hard to show that this would be the same as a.s. X is 
said to be weakly null normalized asymptotically symmetric (w.n.a.s.) if (jl.lj) holds for all 
normalized weakly null sequences (x l n )'^' =1 C X. In §3 we will show that w.a.s. and w.n.a.s. 
are not equivalent properties. 

If X has a basis (e^) then X is block asymptotically symmetric (b.a.s.) with respect to 
(ej) if (|1.1|) holds for all bounded block bases (x^)^L l5 i < m, of (e.j). 

Recall that (xj) is a spreading model of a normalized basic sequence (xj) if for all e > 
and k G N there exists n S N so that for all n < i\ < ■ ■ ■ < ik and scalars {ai)\ with each 
ki| < 1, 



(1.2) 



E 

1=1 



(XiX r 



E 

i=l 



< e . 



Using Ramsey's theorem it is easy to show that every normalized basic sequence admits a 
subsequence (xj) generating a spreading model (for more on spreading models see |BLj ). 
If (xj) is a spreading model of (xj) then (xj) is 1-subsymmetric, i.e., 



i=l 



i=l 



for all (ai)i and k\ < ■ ■ ■ < k n . (Some authors call this 1-spreading and reserve the 
subsymmetric definition for unconditional spreading sequences.) The fact that if X is a.s. 
with constant C implies every spreading model (x«) of X generated by (xj) is C-symmetric, 
i- e -j II Yl^Li a i%i\\ ^ C|| YliLi a i%cr(i)\\ f° r an permutations a of N, follows easily from (jl.lj) 
setting x l n = a; L x n for all i,n. (Some authors call this C-exchangeable and define the C- 
symmetric constant via || = ' =a i^i||) over an choices of signs. A C-symmetric basis is 
unconditional, but not necessarily C-unconditional.) 

There are several known means of joining the infinite and finite dimensional structure of a 
Banach space in a conceptual manner. In addition to spreading models, we have the theory 
of asymptotic structure MMT] (see §3), which, in particular, gives rise to the definition of 
asymptotic £ p bases presented above. A similar definition can be made for asymptotically 
Co bases. A third concept is an asymptotic model of X |HUj . These are generated much like 
spreading models except one uses a certain infinite array of normalized basic sequences in X, 

E*=l aix ni || in {OJ) by || £*L 



lOO 



i G N, and one replaces 



0>iX r 



| . The asymptotically 



(x) 

symmetric definition and variants constitute a fourth way to join the finite and infinite 
geometries of a space. 
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We gather together some of the relationships between these four concepts in our next 
proposition. For the sake of completeness we include some of our above observations. The 
"moreover" statement requires two of our main results below. 

Proposition 1.1. Let X be an infinite dimensional Banach space. 

a) If X is a.s. then the spreading models of X are uniformly symmetric. Similarly, if 
X is b.a.s. with respect to (e^) then the spreading models of block bases of (e^) are 
uniformly symmetric. 

b) X is a.s. =^ (X is b.a.s. if X has a basis) => X is w. a.s. =4> X is w.n.a.s. 

c) If X is reflexive, then X is a.s. <J4> X is w.a.s 44> (X is b.a.s., if X has a basis). 

d) I/(ej) is a boundedly complete basis for X then X is a.s. ^ X is b.a.s. with respect 
to (a). 

e) If X is a.s. and not reflexive, then l\ is isomorphic to a spreading model of X. 

f) If all asymptotic models of X are symmetric then X is w.a.s. (and b.a.s if it has a 
basis). 

g) If X has an asymptotically i p or cq basis (ej), then X is b.a.s. with respect to (e^). 
Moreover all of the converses of the one sided implications in a)-g) are false, in general. 

Proof, a)— c) follows easily from our previous remarks and d) which holds by standard gliding 
hump arguments. To see e) we note that a nonreflexive X contains a non weakly null 
normalized basic sequence (xj) having a spreading model (x,) which thus satisfies for some 
^ > 0, II X] a «^«ll — ^^2 a i if the dj's are nonnegative. If X is a.s. then (xj) is symmetric, 
hence unconditional, hence equivalent to the unit vector basis of l\. 

f) If all asymptotic models of X are symmetric, then it follows easily from Krivine's 
theorem [K] that for some C < oo if (xj) is an asymptotic model of X generated by either 
a weakly null array or a block basis array (if X has a basis), then (xj) is C-equivalent to 
the unit vector basis of Co or £ p for some fixed (independent of (xi)) p £ [1, oo) |H( )j . Thus 
X is w.a.s. (or b.a.s.) by much the same easy argument that yields g). 

The converses in a) are shown to fail in §2. By considering the summing basis for cq, 
which is subsymmetric but not symmetric, we see that the second converse in b) fails. Co 
also provides a counterexample to the first converse since it is not a.s. but it is b.a.s. with 
respect to the unit vector basis. The third converse is proved false in §3. Every normalized 
unconditional basic sequence in L p is equivalent to an asymptotic model of L p , 1 < p < oo 
|HUj and thus the converses in f) also fail. L p also provides a converse to g). □ 

One can also ask variations of problem IU. 21 using these alternate asymptotic notions. 

Problem 1.2. Assume that for some C < oo and 1 < p < oo, all spreading models of X 
(or even all asymptotic models of X) are C-equivalent to the unit vector basis of l p . Does 
X contain an asymptotic i p basic sequence? 



The following theorem easily yields Theorem 10.31 

Theorem 2.1. Let 1 < p < oo. There exists a reflexive infinite dimensional Banach space 
X which is not asymptotically symmetric and yet satisfies the following. 



2. Spreading models and asymptotic symmetry 




Every normalized basic sequence in X admits a subsequence 
that is ^-equivalent to the unit vector basis of t p 
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Proof. We shall define spaces Xk for k £ N and set X = (YlkLi-^k)p- Each Xk will be 
reflexive and satisfy (|2.1|) with 4 replaced by 3 + e for any e > 0. Gliding hump arguments 
then yield (J2J} for X. 

Fix 1 < q < p < r with ^ + - = 1 and let k € N. will have a normalized 1- 
unconditional basis {e*- : 1 < i < k, j > i} which we visualize as k infinite rows of 
an upper triangle array. We will define the norm on X^ so that if n\ < ■ ■ ■ < then 
II Yli=i e ni\\ = ^ 1//r an d we shall say that the collection (e^.)* =1 is permissible. In addition 
we will have that II ei + • • • + e k II = 1. Thus 

ii iifc /tin 



lim ... lim ||e^ H \- e^ k \\ = k 1 ^ lim ... lim [je^ H h 



. , , e k | 

ni— >oo rifc— >oo re n^— >oo fa— >oo re 



X l(a,)Li =SUP 




Hence X is not a.s. 

Let (aj)f = i G -B^fe, the unit ball of £ k . Let x G spanje* : i < k, j > i}, say x = X^ e t- 
We define 

i/p 

E(£i 

v i=i v i=i 

where the "sup" is taken over all lexicographically ordered integers n\ < n\ < ■ ■ • < n k < 
n\ < ri| < • • • . Thus each collection (b l ni ) k =l are the coordinates of x with respect to the 

permissible collection (e* t ) k =1 and these collections move to the right in our array picture 
as j increases. 

Xk is the completion of (span{e* : i < k, j > i}, \\ ■ ||) where 

||x|| = sup{|x| (ai) fc =i : (oi)J =1 G B e k} . 

If (e l n .) k =l is a permissible collection and x = Ya=i bie l ni , then [|x|| = (%2i=i \bi\ r ) 1 ^ r ■ Indeed 
the lower estimate is immediate and suppose that ||x|| = |x|( ai )fc ^ for some {ai) k =1 E B ( k. 
We may thus write 

where I\, . . . ,It are disjoint subsets of {1, . . . , Thus, since - + - = 1, 

k 

\\x\\ < \ a ibi\ < 



W)i=l \\r 
i=l 



Next we let y = Xa=i e n where rik < «fc-i < • • • < n\. Let ||y|| = |y|( a .ifc • Since any 
permissible collection of e* 's will intersect the support of y in at most one coordinate we 
have that 

Iflwf-x ^ (l>l P ) P <ll(««)ill(i<i- 

^ 8=1 ' 

This completes the proof of our assertions which yield that X is not a.s. 

The basis for Xp. is boundedly complete and so once we prove that Xk satisfies (|'2.1(l with 
constant 3 and for all normalized block bases it will follow that Xk is reflexive and satisfies 
Q2.1j) for 3 + e and for all normalized basic sequences. 
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Let e > and let (xj) be a normalized block basis of {e*- : i < k, j > i}. Passing to a 
subsequence we may assume that for all m 

(2.2) max-fj : e*- G suppx m } + 2k < min{j : e*- G suppx m +i} 
and for some («i)f =1 G jBgk, 

(2.3) |x m | (ai) fc =i > 1 -e . 

Since (|2.2j) spaces the x m 's to have at least 2k "columns" between successive supports we 
obtain, using (J2 . 3 J) . that for all scalars (c m ), 

i/p 



E CmXm > (1 - e)( |c m | p j 



Indeed one can string together the lexicographically ordered lists that yield each norm 
|x m |( a .)fc, inserting extra elements as needed into the gaps. 

It remains to prove that || Ylm c mX m \\ < ^(Ylm \ c m\ p ) 1 ^ p - Let x = Ylm c mX m and suppose 
||x|| = M( ai )fe- We let x = b l je l j and choose n\ < ■ ■ ■ < n\ < n\ < n\ < • • • so that 

p\ i/p 



E Em 

j=l V i=l 



For each j let Aj = {e l 4 }* =1 be the corresponding permissible collection. 



Let Ji = {j : Aj intersects the support of exactly one x m }. 
Let Jo = {j : Aj intersects the support of more than one x m }. 

and let Jo = J2 U J3 where J2 contains every other integer in Jo and J3 = Jo \ J%. Thus 
if j\ and j'2 are distinct integers in J2 (or J3) then Aj 1 and cannot both intersect the 
support of the same x m . 

By the triangle inequality in £ p , 



3 / / k \ p\ 1/p 

-ii£E(e(Em:..i)) 

1=1 V j'G J f V i=l J J 



We shall show that each of these three terms is bounded above by ||(c m )|| p . 

For m G N let I m = {j G J\ : Aj n suppx m 7^ 0}. Thus I m n I m / = if m 7^ m'. Since 



km = ||c m x m || we have 



/ / k \p\Vp / / fc \p\1/p 

(E (EKji) J = (E E (EM$i) J * it'-; • 



'jeJi v 1=1 ' ' v m j£l m v i=l 

Finally we estimate the J2 sum (the J3 estimate is identical). The J2 sum is an £ p sum 
of terms of the form 

s 

Qj — ^ ^ \ Cmt \ ^ ^ 

t=i ieh 

where I\ < • • • < I s are subsets of {1, ... , k} and m± < ■■■ < m s . x mi , . . . , x ms are those 
Xj's for which Aj n suppxj 7^ and the dt/s are the corresponding relevant coordinates of 
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x mt - ( x mi)i = i depends of course upon j but these families are disjoint for different j's G J2. 
Thus it suffices to prove that 

i/p 



Qj< (Ek mt | p ) 



Now for t fixed (d tj i)i£i t are the coordinates of x mt with respect to a subset (indexed by I t ) 
of a permissible collection of e"'s and these are in turn 1-equivalent to the unit vector basis 



of 



as we have shown. Hence 



Qs<T, 



-m t 1 



(aOie/t I 



t=i 

< life 

< II 



mtJt=l\\r\ 
< I 



-ra t/ 



H)i=l \\q 



-■rat , 



□ 



Remarks 2.2. The space X, constructed in Theorem 12,11 satisfies (|2.1|) and also has the 
property that £ r and cq are asymptotic versions of X (see jMMTp . A different example of 
this sort of phenomenon is given in |OSj where a reflexive space Z is constructed satisfying 
(|2.1j) with 4 replaced by 1 + e, e > arbitrary, yet Z has £ r as an asymptotic version for 
some r 7^ p. It would be interesting to see if one could construct X as in Theorem 12. II to 
satisfy (|2.1|) for 4 replaced by 1 + e. Another natural question is to ascertain what happens 
if l p is replaced by i\ or cq. We will show that in these cases one obtains positive results. 

Theorem 2.3. Let X have a basis (e^). Assume that for some K < 00 every spreading 
model of any normalized block basis of (e,) is K -equivalent to the unit vector basis of i\. 
Then X is block asymptotically symmetric with respect to (ej). 

Proof. By renorming X we may assume that (ej) is a bimonotone basis. Let m £ N, 
(frj)i 1 Q [— 1) 1]) ( x j)^i a normalized block basis of (e^) for i < m and a a permutation of 
{!,..., m} so that the iterated limits 



lim . 



lim 

n m — >oo 



E 6 



1 and 



lim 

n CT (i)-*oo 



lim 

™ CT (m)^°0 



both exist, the first being equal to 1. 

We visualize (x l j)ij as an array of m infinite rows. Using Ramsey's theorem, by passing to 
a subsequence of the columns, given e > we may assume that for all integers n\ < ■ ■ ■ < n m 
and &!<■•■< k m , for all / G .Bx* there exists 5 G with |/(x^.) — 5(ic|.)| < e for 



i < m. This follows by partitioning [—1,1] into finitely many intervals (it)f = 
less than e and thus inducing a finite coloring of [N] m as follows: [n%, . . . ,n n 
(J tl , . . . , I tm ) if there exists / G -Bx* with f(x l ni ) G 1^ for i < m. 
It follows that up to an arbitrarily small error 



of length 
has color 



E 



biX ni 



m 
i=l 



1 



whenever m < ■ ■ ■ < n m and &].<•••< fc m . To avoid trivial but tedious error estimates in 
the remainder of the proof we shall assume e = 0. 

We may also assume that if x G span(x* 1 )™ l5 y G span(x* 2 )^i 1 for ji < ji then suppx < 
suppy w.r.t. (e n ). Finally we assume similar stabilizations for the order induced by a. 
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Let n\ < ■ ■ ■ < nf < n\ < ■ ■ ■ < n™ < ■ ■ ■ and set yj = YT=\ ^i x% * for 3 e ^. (yj) is a 

normalized block basis of (ej) and thus, passing to a subsequence, we may assume it has a 
spreading model which is if-equivalent to the unit vector basis of l\ . 

Hence for all k there exists F C N with \F\ = k and / G Bx* with f(yj) > 1/K for 
j G -F (up to an arbitrarily small error). Using the pigenhole principle and ignoring small 
errors we obtain m of the y/s which we relabel as yi,. ■ ■ ,y m , f G Bx* and (a*)]™ so that 
f(x l i) = en for all j and 1 < i, j < m. 

We shall show that 



1< K 



r ff W 

"n CT (i) 



provided that n CT m < • • • < Wo-( TO ) • 
• • • < n a i m \ satisfying this. 



From our stabilizations it suffices to produce n a r\\ < 



We choose n 



a(l) 



< 



< n 



follows that f(xn„ift/ 



cr(m) 



so that each i^*' is in the support of some yj, j < m. It 



o CT (j) and the claim follows. 



□ 



The proof yields that the b.a.s. constant of X is bounded by a function of K and the 
basis constant of (ej). 



Theorem 2.4. Let X be a separable Banach space such that every spreading model of a 
normalized weakly null sequence in X is equivalent to the unit vector basis of cq. Then X 
is weakly asymptotically symmetric. 



Proof. It follows from AOST, Proposition 3.2] that for some C < oo every spreading model 
of a normalized weakly null sequence in X is C-equivalent to the unit vector basis of cq. 
Let m G N and let (x* )^ =1 , i < m be normalized weakly null sequences in X. Let K < oo, 



(bi)T — ^ an d assume that for some permutation a 



lim . 



lim 



Ys biX r 



K 



and 



lim 



lim 

^cr(m) ^ 



1 



We will prove that K < C which will complete the proof of the theorem. 

As in the proof of the previous theorem, by passing to a subsequence of the columns and 
ignoring arbitrarily small errors we may assume that || Y^=\ ^i^n ll = K \i n\ < ■ ■ ■ < n m . 
Moreover, we may assume that if / G Bx* with f(x l n .) = ai for i < m and if k\ < ■ ■ ■ < k m , 
then there exists g G Bx* with g(x l k _) = ai for i < m. 

We shall say that z is ((ftj^cr) distributed if z = Y^i^a^Xn^ for some ro CT (i) < 
• • • < n c ( m \ and as above, by Ramsey's Theorem, we may assume that for such a vector, 
IUII = 1. In addition we may assume that if (zi) 1 £ =1 are all ((6j)™,cr) distributed with 



E 



i=l °a(i) x j 



and n 



T(i) 



J 

cr(m) 



< n ^m for 3 < m ' then II 52 r i 



V(l) 



does not depend upon 



the particular choice of the rr^^'s. Finally, since the rows (a;*-)j2 =1 are weakly null, we can 



arc 



assume that the coordinates supporting such a sequence (zj)TLi) namely (x 1 j ) i= ' 1 ■-. 

D-(j) 

suppression-1 unconditional. (This argument is used in |HOj and lAUSTj ). Roughly, if one 
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has / E Bx* and one considers z = Y2Tj=i a \ x% i with its coordinates sufficiently spread 

out then one can "slide" the coordinates / one wishes to kill, preserving the order, so that 
/ « on these coordinates. The new vector w, distributed exactly the same as z, hence 
\\w\\ = \\z\\, satisfies 



< \\w\ 



Now let {zj)JL l be a "block basis" of (x* ) with each Zj having ((h)™, a) distribution, (zj) 
is normalized weakly null so passing to a subsequence we may assume it has a spreading 
model which is C-equivalent to the unit vector basis of cq. In particular, by relabeling, we 
may assume that || YliLi z i\\ — C ■ By restricting this vector to a suitable set of coordinates 
we obtain a vector equal to YaLi hx^. for some n\ < ■ ■ ■ < n m . Thus C > \\ YliLi z i\\ ^ 
II YaLi ^ x nJI = K an d the proof is complete. □ 

3. Variants of a.s. and Tsirelson-like spaces 
Theorem 3.1. There exists a reflexive Banach space Y which is w.n.a.s. but not w.a.s. 

Y is Tzafriri's space Ti(2; 1/2) f |CSl section X.D]). We recall the definition. Let coo be 
the linear space of finitely supported sequences of reals. If x E coo and E C N, we set 
Ex(i) = x(i) if i E E and otherwise. For sets E,F C N, E < F denotes m&xE < mini 7 . 
Y is the completion of coo under the norm given by the following implicit equation. 

(3.1) \\x\\ = max ( ||z||oo,sup ■—= ^ \\Eix\\ ] 

V J 

where the "sup" is taken over all n E N and E\ < • • • < E n . 

Y is reflexive and the unit vector basis (e,) is a normalized 1-unconditional 1-subsymmetric 
basis for Y. We recall two facts from |CS| . 

Fact 1. For all x E Y, \\x\\ < \\x\\2- 

Fact 2. |("S[ lemma X.d.4, p. 109] If («i)" =1 is a finite block basis of (ej) then 

\\J2 ui \\ - ^( £ii^ii 2 ) 

i=l ^ i=l ' 

From Fact 2 and (|3.1|) we have that if (y,i)f =1 is a normalized block basis of (ej) then 

n 

v^/2< \\Y, yi \\ ■ 
i=i 

This yields that Y is w.n.a.s. with constant 6. That Y is not w.a.s. follows from either the 
next theorem or jSaj (see the remarks below). 

Theorem 3.2. cq is finitely representable in Y . Moreover, for some C < oo (equivalently, 
for all C > 1), for all n there exist disjointly supported (w.r.t. (ei)) normalized vectors 
(xj)™ =1 in Y with (xj)" =1 being C-equivalent to the unit vector basis of i^. 

First we shall show how this theorem completes the proof of Theorem 13.11 (e«)^ 1 is 
1-subsymmetric and hence is its own spreading model. But Theorem 13.21 and (|3.1|) yield 
that (ej) is not symmetric, which every spreading model of a w.a.s. reflexive space would 
be. 
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Tzafriri |Tzj constructed a symmetric version of Y denoted by V\/2,2- The definition of 
the norm is given by ()3.1j) where the sup is taken over disjoint sets (Ei)™ in N. The space 
Vi/2,2 has finite cotype and hence does not contain ^'s uniformly. Thus, a consequence of 
Theorem 13.21 is the following corollary which answers a question from |CS| . 

Corollary 3.3. The spaces Y and Vi/2,2 are not isomorphic. 



This question was answered independently by B. Sari (Sal who used different techniques. 
In fact Sari has proved that Y = Ti(2; 1/2) does not contain a symmetric basic sequence. 
Moreover, Sari's result also yields that Y is not w.a.s. since (ej) is not symmetric. We 
include Theorem 13 . 21 b ecause it is of separate interest. 

Lemma 3.4. For n > A, \\ Y17=i e *H = vW 2 - 

Proof. The lower estimate is immediate and the case n = 4 is easy using (|3.1|) . For 
n > 4 there exist E x < ••• < E k with ||X]™ =1 ej|| = 5-$=i \\ E id^i=l e *)ll- Let 
\Ej n {1, . . . , n}\ = rij, hence Ylj=i n j — n - By Fact 1 an d Cauchy-Schwarz, 

n k , k x 1/2 



2y/k 

< 



i=l " v j=l " v V j = 

2 



□ 



Lemma 3.5. Let 5 = V3/2 < 1 and let (u,,)™ be a block basis of (ej) raft [|uj|| < 1 for 
i < n. Let E% < ■ ■ ■ < Ej~ be subsets o/N, so that for i < n, suppuj intersects at most one 



Ej . Then 



Proof. For j < A; let ra.,- = \{i : suppuj n £j / 0}|. Thus S?=i n j < B Y Fact 2 and 
C auchy- S chwar z , 



2 ^E|KEnp^E^ i^(E^) ^<^- 

j=l i=l v 3 =1 v 3=1 

□ 



Proof of Theorem \3.2L Let m S N. We shall construct disjointly supported normalized 
vectors (xi)™ in V so that || YliLi — Si=o ^ + By *he unconditionality of (ej) this 
completes the proof. Each (xj) will be a normalized average of certain basis vectors, the 
number of which rapidly increases with i and the supports being uniformly mixed (just 
as the 1 inch marks on a yardstick are uniformly separated by the ^ inch marks and so 
on). To do this we need some notation. We shall choose below rapidly increasing integers 
qi < ■ ■ ■ < q m . Given these we define pi = YYj=i Qj for i < m and we then choose natural 
numbers r^,,,^ for each i < m and tj < qj for j < i so that r^...^. < r Sl) ... )a . whenever 
(t%, . . . , ti) is less than (si, . . . , Sj) lexicographically. For example 

< ?~2,1,4 < ^2,2 < ^2,2,3 < ^3 • 
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We shall say that (xi)^l 1 corresponds to (91, ... , q m ) if for i < m, 

n 11 12 qt 



.1 1 



Jl=lj2=l Ji=l 



Since (e«) is 1-subsymmetric the particular choice of the ... ^'s does not matter but their 
order does. By Lemma 13.41 \\xi\\ = 1 for i <m. 

Let (e n )i° be a sequence of positive numbers with Y^nLi £ n < 1- We shall prove by 
induction on m that for every integer q > 4 there exist integers q < qi < ■ ■ ■ < q m so that 
for all integers q\ with 4 < gi < q, if (xj)™ corresponds to (gi, . . . , q m ) then 

m m— 1 m 



(3.2) 



i=l i=0 i=l 

This is obvious for m = 1 so assume it holds for some m. Let g > 4. Choose d 6 N so 
that 



(3.3) 

Choose n € N so that 
(3.4) 



2dM(m) 



n 



< £m+l • 



Let qi = dn. By the inductive hypothesis for go = qq2 we can find integers go < qs < ■ ■ ■ < 
q m +i so that if 4 < s < qo and if (y^)™ is a sequence corresponding to (s, 93, 94, ... , g m +i)> 
then || YaLi Vi\\ < M(m). 

Let 4 < gi < g and let (xj)^ 1 correspond to (gi, . . . ,g m +i)- There exists > 2 and 
£1 < • • • < Ek so that 

m+l .. fc m+l 



E 

i=l 



271^ IN£ 

.7 = 1 



i=l 



m+l 



s^E 11^)11 + ^E|K(E 



i=2 



Case 1. k > d. 
by J33J>- Thus 

Also 



killi = 2 \/?i < 1\fq~ < 2e m+1 Vd 



1 .. . ... 1 



m+l 



j=2 



< 



m+l 
j=2 



Now (rcj)™"^ 1 corresponds to the m-tuple (gig2,<?3, • • • , 9m+i) and since gig2 < gg2 = go by 
the inductive hypothesis, 

m+l 

(I ^2 Xi\\ < M(m) . 



i=2 
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Thus 

m+1 

|| x i\\ < M(m)+e m+1 < M(m + 1) . 
i=i 

Case 2. k < d. 

For the x\ term we use the estimate ^= Z)j=i ll-^j( x i)ll < 1- To estimate the Yli^ 1 x i 
term we write for 2 < i < m+1, Xi = Ylh=i x i,h where (xi,h)h = i is an identically distributed 
block basis. Thus | supp(xj i / l )| = pi/n = q\dq^ . . . 

By LemmaES \\x ijh \\ = |a/^|= = -±= for 2 < h < m+1. Thus for h < n, (Vnx^h)™^, 1 

corresponds to (^p-, </3, ■ ■ ■ , qm+l) and since = q\d < qq<i = qo, by the inductive 

hypothesis we have 

m+1 

(3.5) || Vn x i,h \ < M(m) . 

i=2 

Set z h = YT=2 

x i,h for h < n. Then (^/t)^_^ is an identically distributed block basis of (e^) 

and hence 

M(m) 

\\ z n = ■■■ = \\z n \\ = a< — -=— 

by (33J). 

Since E\ < ■ ■ ■ < E^, for j < k there are at most two /i's for which Ej n (suppz^) 7^ 
and Ej/ n (suppz/J 7^ for some / 7^ j. 
For j < k let 

I?j = U{suppz/j : h <n, suppz^ fl Ej 7^ 
and supp z/j n £y = if j 7^ j'} . 

We let nj be the cardinality of the set of such /i's. Set z = Ya^2 x i- 
Then since a < M(m)/^/n, \\EjZ — Ejz\\ < 2M(m)/ v /n. Hence 

Now 



j=l v i=i 



2M(m)k 2M(m)d , 



Also 

1/2 



y^||£j^|| < 2ay/k d (^~^nj) < 2a\fk 5\/n , bv Lemma 13.51 
j=l 3=1 
Thus Sj=i ll-^j( 2; )ll — £ m+i + aS^/n. Now ay^n < M(m) and 5 < 1 so this in turn is 

m— 1 m in m+1 

< S Y S i + £ i + £m +i = S 6 + £i • 

i=0 i=l «=1 i=l 

From the x\ estimate of 1 = 5° we obtain || X^i+L x i\\ — M(m + 1) in case 2. □ 
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Remarks 3.6. A natural question is whether Y contains an a.s. subspace. This is true by 
our next theorem. The argument is motivated by arguments given in [KOS . B. Sari has 
also used a variation of these arguments to prove the following results. First we give some 
terminology from M MTj . 

Let (xi) c ^ =1 be a basis for a space A. A normalized basic sequence (di)f =1 G {A} n if 
V £ > V mi ] 1/1 e span(xj)j> mi V m 2 3 y 2 G span(xj)j> m2 • • • V m n 3 y n G span(^) i > m , i 
so that (yi)i is (1 + e)-equivalent to (c?i)i • 

X is Asymptotic £ p if for some K < oo Vn V(dj)™ G {X} n , (di)f =1 is i'f -equivalent to the 
unit vector basis of £ p . If A is Asymptotic £ p then X contains an asymptotic £ p basis, as 
defined above jMMTj . 

Note that we use a capital letter A in the above definition in contrast to the different 
notion asymptotic £ p from the introduction. If X is Asymptotic £ p , one can pass to a block 
basis which is asymptotic £ p . 

X is Asymptotically unconditional if for some K < oo Vn V(di)™ G {X} n , (dj)™ =1 is 

A-unconditional. j4 ~ B means K~ 1 A < B < KA. 

Theorem. |Saj 1) Let 1 < p < oo. If X is Asymptotically unconditional and for some 
K < oo, for all m < n G N and for all disjointly supported normalized vectors (yi)™i in 

span(di)l l =1 , || J21 =i Ui\\ ~ 771 P ; i/ien A is Asymptotic £ p . 

2) //A is Asymptotically unconditional and for some K < oo, for all n G N and /or aZZ 
(o!j)™ =1 G {X} n , || Xir=i — n /A t/ien A is Asymptotic £\. 

Theorem 3.7. Let Z be a Banach space with a basis (zi). Let 1 < p < oo and K < oo. 

Assume that for all (dj)™ =1 G {Z} n , \\Y17=i^\\ ~ T/ien every infinite dimensional 

subspace of Z contains an asymptotic £ p basic sequence. 

Corollary 3.8. Every infinite dimensional subspace ofY = Tj(2; 1/2) contains an asymp- 
totic £2, hence a.s., subspace. 

Recall that a Banach space A is minimal if every subspace of A contains a further 
subspace isomorphic to A. Schlumprecht's space S is minimal S2 . 

Corollary 3.9. The space Y is not minimal. 

Indeed, Corollary 13. 81 yields that every subspace of Y contains an asymptotic £2 subspace 
Z. Since Y does not contain an isomorph of £2 |CSj . it follows that Z cannot contain a 
subsymmetric basic sequence and hence Y does not embed into Z. 

We do not know if Y contains a minimal subspace. 

Proof of Theorem ]^. 7| By standard perturbation arguments we need only show that every 
normalized block basis (xj) of (zi) admits a further block basis which is asymptotically £ p . 
We may assume that (zi) is bimonotone, by renorming, and that K > 2. Furthermore, 
by passing to a block basis of (xi) we may assume ( jMMTj . jKUSj ) that given e n [ for 
X=[(xi)] 

(3.6) {X} n = {W} n for all n G N and all block bases (u/;) of (a*); W = [(«/<)] . 

(3.7) for n G N, if (yj)™ = i is a normalized block basis of (xi)°Z n , 
then (yi)i is (1 + e n )-equivalent to some (di)i G {A} n . 
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Thus, by increasing K, we may assume 

(3.8) For n € N, if (y;)f = 1 is a normalized block basis of (a?i)^„, then 

n 

||EHI~ nl/p - 

i=l 

Fix m G N and (dj)^ 6 {^} m . We will prove that if Kl p = 1 th en 

11 ll m 

(3.9) ___<||£ Mi < 2 (2if) 2 



i=l 



which will complete the proof of the theorem in view of our above remarks. 
We choose e,5,5' > and N' G N to satisfy 

(3.10) < e < ' 



8m (2K) 2 p 

( 3 - U ) d = TW~ 

4Km 

(3.12) N' >2m( — J 

(3.13) < 5' < 



2KN' 



Let (wi)'?l 1 be a normalized block basis of (xi)°^ N , so that for all i, if wi = ^ ^j^j 
then supj |b$j| < <5'. Such a (u>j) exists by virtue of (j3.8j) : one can let u;j be a suitably long 
average of x/s. Given ij>0we can thus find, by (|3.6|) . a normalized block basis (yi)E^i °f 
(wi) which is 1 + ^-equivalent to (dj)ELi- We will prove that (|3.9j) holds for (dj)™ replaced 
by (yi)T an d thus obtain (|3.9|) . 

Let (aj)™-, C R with ^™ =1 |oi| p = 1. From our construction we can write for i < m, 
a iUi = YTj=i ViJ where n« > 0, and (yij)'^ 1 is a block basis of (xi)iSjV" ^ - llft.il! < £ + 
if j < m and ||yi,„ j+ i|| < 5. Set N = ^ n*. It follows from (|3~TU|) and (fXTT^) that N > 1. 

i<m 

|o<|>E 

/2ET\ P 

(3.14) If i < m and |aj| > £ then 1 < m < ( J 

Indeed, suppose that n; > n = J(^f) p ] + 1. Then 1 > \\aiyi\\ > ^n]j p - n 5' from lEUfll . 
(We shrink each of no successive 's to have norm exactly 5 at a loss of at most 5' . Note 
n < N' so applies.) By (j3~TU)) we get n; > 1. 

Now rio5' < j^n^ p since this is equivalent to 5' < (where ~ + ~ = 1) and we have 

, 033 s 033 55 p 5 

5 < 7TTTT77 < XTT^ T^TTT" < 



2KN> 2K2m(2K)P 2Kn /g 

where the last inequality holds since n^ 9 < uq < 2m (jj^ . 
Thus 1 > jj^rio and so no < [^] p , a contradiction. 
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Thus, by (EHH) and (l3~T21) . 

(3.15) N<ml — \ <N' 

(3.16) If % < m and |aj| > e then |aj| = ||ajyj|| > 7777?^ 

2K 

Indeed, we can argue as in (|3.14f) since rij < N < N' to get 

5 Mv 



15 



I II ^ VP JT/ 

K 



Now m8' < 4^nJ v is equivalent to 5' < n J_ 1/q . But by (jSUSI), <5' < ^Iv 7 < 
putting this together we obtain (|3.16|) . 



2Kn, 



2KN' ^ 2Xn, 



and so 



(3.17) 



If i < m and |a,| > e then |aj| = ||aj?/j|| < 25Kn i 



1/p 



Again we have that ||aj7/j|| < 5Kn i + niS' + 5 by shrinking each yj.j, j < rij, to have 
norm exactly 5 at a cost of 5', and using (|3,8|) and adding <5 for the term ||yi >ni +i||- 

We claim that rii5' + 5 < 5Kn l J p . Since riiS' + 5 < 25, using rii < N' and (|3.13|) and 

since 25 < 5Kn] /p this yields (|3~T71) . 

m m ra^ 

Let a^j be the sum aj?/j and be yjj. We claim 



Kl>£ 
Ki<m 



i=l 



\a,i\>£ J=l 
Ki<m 



(3.18) 

Indeed, by our now familiar method, 



E 



- 2AT 



E"^ >^iv 1/p -^' 



i=l 



but A<5' < ^ A 1 ^ since 



Thus (|3.18|) is proved. 
From (|3.18j) we have 



13131 § 5,i 

N5' < N'5' < — < ——N l p 
2K 2K 



i=l 



5_ 

2~K 



p — - E3 1 v ^ 

Ul > l2K^^ 

1=1 



III 



1 Oi 



1 W, 

(2Kfv ^ '° l 

v ' i=i 



> 



(2K)p (2K)p 
1 — me) 



{2KfP 



Thus 



ft 1 1 

E a i2/i > || E - me - m£ > (1 - me) 1/p ^k) 2 ~ 2m£ > 0. 



i=l 



i=l 
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Next we show 
(3.19) 

As usual, 



< 



25KN 1 / p . 



8=1 



E/m 
i=l diVi 



< SKN 1 ^ + N5' + m5 and NS' + m<5 < (m + 1)6. We claim that 
2m < KN 1 ^ which will complete the proof of (j3.19|) . First note that if \cti\ > e then by 



(|3~TT1) . n 

Now 



i/p 



> 



2m by (l3~TT|l which yields (jSHHJ). 

m 

| ^ aiyi|| <me < -|| ^ 

K|<£ 



1=1 



since 



HE 



8=1 



Thus by (EH, || Ei=i a i^ll < SSKN^p so 



8=1 



8=1 



< 



3 p i^ p (2K) p ^'|air bv (jSIIBD 



i=l 



< 3 p K p (2K) p 



and this completes the proof. 



□ 



We do not know if the modified space Vi/2,2 or ^ the modified version of Schlumprecht's 
space S jS] are a.s. Since their natural bases are symmetric, our arguments fail. However 
we do have the next theorem. 

Theorem 3.10. Schlumprecht's space S is not w.n.a.s. 

Recall that S is the completion of cqo under the norm which satisfies the implicit equation 



max 



x 



,sup 



where the "sup" is taken over all k > 2 and sets of integers E\ < • • • < with f(k) = 
log 2 (fc + 1). It was shown in |KL| that c$ is finitely represented in S and indeed our proof of 
Theorem 13 . 21 was modeled after that construction. In M an alternative "partially nested" 
construction was used. We shall follow the proof of Theorem 3.1 in [M] and use his notation 
as we sketch the proof of Theorem 13.101 

Take p = 1, q = oo, fl t = n t = K, l/pt = 1 - log»(l/«*) = 1 - and 

In the course of the proof, if n is arbitrary, ko is chosen so that l/f(ko) < 1/n and then 
k\ is chosen with f{ko)/f{k\) < 1/n. If we take ko so that /(/so) has "order n," we need ki 
to satisfy (basically) 



(3.20) 



f(h) > n 2 . 
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Also the proof in [M] requires k^ 9kl < 2 which essentially transforms into 

rain f(k-\ ) 

(3.21) , v 11 < 1 . 

In k\ 

Proof of Theorem \3.1u\ (sketch). For an arbitrary integer n let d = k\ satisfy (|3.2(Jf) and 
1)3.21(1 . To prove S is not w.n.a.s. we need only check the condition for m = nd. 

In order to apply Theorem 13.11 M| we choose a rapidly increasing sequence of integers 
m <C (jl <C • ■ ■ <C q n - We shall employ ra different normalized distributions of elements of 
S. Precisely, for j < n set 

where (e«) is the unit vector basis of S. We then successively repeat each Vj d-times so that 
altogether we have m = nd vectors to serve as distributions. We shall compare the norms of 
two different permutations of rra of a block sequence of rra vectors with these distributions. 
Since (e^) is 1-subsymmetric this will show that S is not w.n.a.s. 

Let (yij)^ j =1 be a block basis of (e^) in lexicographic order with y^j equal to Vj in 
distribution. For j < ra let Uj = Y2i=i Ui,j- Then 



f(Qj) d Qj 



d . 



Qjf(dQj) 

The proof of Theorem 13. II M yields a constant C, independent of rra, such that (d~ l Uj)™ =1 
is C-equivalent to the unit vector basis of £^o- Thus 

d n n „ 

(3.22) ]|EEMH|EHI- Cd ! " 

1=1 j=l j=l 



n 



We next consider a different order. Let {zij) i=1 - =1 be a block basis of (e^), ordered 
with respect to the lexicographic order (j, i), the reverse coordinates, with Z(j equal in 
distribution to Vj. Set Wj = Yli=i z i,j so that {wj)j =1 is a block basis of (e^). As before 

d n n 



( 3 - 23 ) II EE^ 



W-i\\ > 



ra d 1 rra 



\\^ J ll - /(ra)2 2 fin) ' 
i=l 3=1 3=1 J V ' JK J 

Since jn^/^ = y^y we have from (j3~22)) and IpTZSJ) that S" is not w.n.a.s. We obtain 

more precisely that the constant C m for m sequences is at least of the order fa^(m)) . 

Remarks 3.11. Clearly the constant C m , the w.n.a.s. constant for rra normalized weakly 
null sequences in S, satisfies C m < f(m). We can show that C2 = /(2) with a different 
construction. Pei-Kee Lin [Q has pointed out that one can adjust the proof in jKLj to 
obtain a sequence in S whose spreading model is isometric to l\. Indeed in jKLj it was 
shown that for every e > there exists a rapidly increasing sequence of integers, (pfc)fcLii 
so that if Uj = YliLi e i then for all ra there exist disjointly supported vectors (rjj)™ =1 
in S, each of the same distribution as Uj, with || Yjj=i v j\\ < 1 + £■ One can choose scalars 
( a fe)fcLi ^ (0> 1) converging to 1 so that \\z n \\ < 1 and \\z n \\ — > 1 if z n = YTj=i a j v j- ^ follows 
that any block basis {x\) with distribution x\ = distribution z n has spreading model 1- 
equivalent to the unit vector basis of t\. If we let (x^) be a block basis with distribution 
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x\ = distribution u n , then the w.n.a.s. constant for these two sequences is /(2). Finally we 
note that since S is minimal S2 , no subspace of S is w.n.a.s. 

4. TSIRELSON'S SPACE IS NOT ITERATION STABLE 

No good criterion is known which forces a Banach space X to be isomorphic to a stable 
space. Attempting to find such a criterion, H. Rosenthal has asked if it might be true 
that every asymptotically symmetric and iteration stable space X is isomorphic to a stable 
space. In this regard he asked us if T is iteration stable. We show that it is not in this 
section. First we give the relevant definitions. 

Definition 4.1. A sequence (x n ) in a Banach space X is type determining if for all x £ X, 

lim ||x + x n \\ exists. 

n— +oo 

Definition 4.2 (H. Rosenthal). A Banach space X is iteration stable if for all type deter- 
mining sequences (x n ) and (y n ) in X, 

lim lim ||x n + y m || exists. 

n— »oo m— >oo 

Iteration stability is another softening of the definition of stability. 
Theorem 4.3. Tsirelson's space T is not iteration stable. 

We recall that T is the completion of cqq under the norm satisfying the implicit equation 

l, n 

\x\\ = max I || x ||oo , sup ■ 



i=i 7 



2 

where the "sup" is taken over all n > 2 and n < E\ < • • • < E n . The unit vector basis (ej) 
is a normalized 1-unconditional basis for the reflexive space T. For k > 2 we set 

k 



lv^ ||n 

\\x\\ k = sup - \\EiX\ 
i=l 

where the "sup" is taken over all k < E\ < ■ ■ ■ < E^. 

Proof of Theorem \4-3\ For n > 2 let z n = \ Ya=i e n i +i so that ||z n || = 1 and z n is an 
^-average with constant 1. Precisely, z n = ± YJj=i z n,j where z n j = \ Ya=\ e n ^+(j-i)n+i 
for j < n. (^n,j)?=i is 1-equivalent to the unit vector basis of l™. A standard calculation 
yields 

(4.1) lim||z n || fc = - for all k>2. 



2 



For n £ N we set 



Je n 3 + \e n 3 +1 , n odd 

l e n3 + \ z n , n even. 

We let y m = \ Ya=i e m+i for m e N. 

(y n ) is normalized and clearly type determining. Also ||x n || = ||xji||ao = 1 f° r an n - 
Moreover for A; > 2, n G N, 

(4-2) K|U<I(l + i)=^. 
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Note that 



Also 



lim lim \\x n + y m \\ = - (l + - + 2 \ = — . 

1/ 1 \ 14 
hm lim \\x n + y m \\ = tt ( 1 + o + 2 = "3" ■ 

n even m Z \ Z / o 



We shall show that (x n ) is type determining and this will complete the proof. To do 
this we verify by induction on I that linin^oo \\x + x n \\ exists for all x £ span(ej) with 
| suppx) < I. The case t = holds since ||x n || = 1 for all n so assume it holds for I and let 
| suppx) = £+ 1. 

We may assume that supp x < supp x n and we define 

1 fe 

S(x + x n )= sup sup-^||£ , j(x + x n )|| 

Kmax(suppi) ^ 

where the second "sup" is taken over all 2 < k < E\ < ■ ■ ■ < with E\ n suppx / 0. We 
will show that 

(4.3) lim Six + x n ) exists. 

Observe that for any n, 

|| x + x n \\ = max{||x -|- x n ||oo; 

S(x + x n )} . 

Indeed if k < E\ < ■ ■ ■ < E k with supp x < E\ , then by (j4.2|) 



1 k 

- ^2 \\Ei(x + x n )\\ < \\x n \\ k 



=i 



3 

~ 4 ^ ll-^™ || oo 



Thus (|4.3|) will complete the proof. 

To prove (|4.3|) we will show that we can balance the various types of splitting of x + x n 
by (Ei)\ between n odd and n even. There is no need to consider splittings such that 
the last set E^ intersects suppx since that case is covered by the induction hypothesis. 
Also any values obtained for 5(x + x n ) resulting from splittings for n odd can be treated 
by a similar splitting for n even, treating jz n as a single element. We need to show that 
lim n even 5(x + x n ) cannot be bigger than lim n oc jd S(x + x n ). 

Consider a splitting {Ei)\ giving rise to S(x + x n ) for n even. 

Case 1. There exists iq < k such that maxl?^ = n 3 . Thus the support of z n is split into 
k — io intervals, k < max suppx. By ()4.1|) this presents no problem as we can obtain same 
values for n odd (as n — > oo). 

Case 2. There exists io < k such that n 3 G supp£"i and Ei Q nsuppz n ^ 0. By the triangle 
inequality, 

^ k ^ i -l 

-Y,\\Ei{x + x n )\\ < - \\Eix\\ 

8=1 i=l 



Ei ( X + X n)\\ + l\\K X n\\ + l W EiXn \ 

i=io+l 



where = E' iQ U E'^, E' io < E'f and maxE^ = n 3 . The new splitting might not be 
admissible but j = k — io + 1 < max suppx and again by (|4.1|) . the value for the new 



20 



M. JUNGE, D. KUTZAROVA AND E. ODELL 



splitting behaves in the limit as an admissible splitting {E\, . . . , i% _i, E' io , E) where E = 
E" U Ui=i () +i E i- This last s P littin S 

can be mimicked to yield the same value for n odd. □ 

Remark 4.4. Our proof depended upon using vectors whose norm is given by || • ||oo. In 
regard to Rosenthal's question it is of interest to determine if T contains iteration stable 
subspaces. Accordingly we have the following partial result. 

Proposition 4.5. Let X C T be an infinite dimensional subspace so that for all ^ x G X , 
\\ x \\ 7^ IMloo- Then if (x n ), (y n ) C X are weakly null sequences, lim n ||x n || exists and (y n ) 
is type determining, we have 

(4.4) lim lim \\x n + y m \\ exists. 

n— toom- >oo 

Proof. We may assume that ||x ra || = 1 for all n. Also, to prove (|4.4j) we can freely pass to 
subsequences of (y n ) and so we may assume that for all k 

(4.5) lim = A(fc) exists. 

m 

By perturbing we may assume that (x n ) and (y m ) are block bases of (e^). 

Since HymH^ < ||ym||fc+i when suppy m > k, it follows that \{k) < X(k + 1) < lim m ||y m || 
for all k. Let X(k) t A. We prove 

(4.6) lim lim \\x n + y m \\ = (1 + A) V lim ||y m || 

n m m 

which yields (j4.4j) . 

Let e > and choose k G N with A(A;) > A — e. Choose t G N so that if t > t and 
Ya=i \ a i\ = 1 then there exists F C {1, . . . ,t} with \F\ = k and YlieF l a *l < e - Let n 
such that suppx n > i. Choose itiq so that for m > mo, |||y m ||fc — ^(k)\ < £• We will prove 
first that 

(4.7) lim \\x n + y m \\ > (1 + A - 2e) V lim ||y m || . 

m m 

Let 1 = ||x n || = \ Y^i=i \\EiX n \\ for some t > i and t < E\ < • • • < Et- Let m > mo 
so that suppa; n < suppy m and choose min(suppy m ) < Fi < ■ ■ ■ < F^ with ||y m ||fc = 
\ Yli=i \\Eiy m \\- By deleting the smallest k terms from ^ Ya=i \\EiX n \\ and replacing them 
b y \ Ya=i WFiVmW we obtain 



\x n + y m \\ > 1 - £ + hmh > 1 + A - 2e 



and (|4~T|) follows. 
We next prove that 



(4.8) lim \\x n + y m \\ < (1 + A + e) V lim ||y m || 

m m 

which will complete the proof of ()4.6I) . 

Let suppx n < suppy m and let \\x n + y m \\ = \ Ya=i \\Gi(x n + y m )\\ where t > i and 
t < G\ < ■ ■ ■ < Gt- Suppose there does not exist io with Gi x n / and Gi y m / 0. Then 

\\%n ~\~ UmW ^ ll-^nll \\ym\\k(m) 

where k(m) < t. If this occurred for infinitely many m's we would obtain lim m \\x n + y m \\ < 
(1 + A) V lim m \\ym\\- Suppose such a Gi exists. Split G{ = G' io U G" with G' io < G" Q and 
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Gi x n = G' io x n . We now have t + 1 sets in the sum 

. io-l t 

- ^2 \\GiX n \\ + ||G- a; n || + \\G" y m \\ + ^ \\Giy m \\ . 

j=l i=io+l 

If we throw out the smallest term we have t sets after coordinate t and so for some £(m) < 
maxsupp x n , 

\\x n + Um\\ < \\x n \\ + \\ym\U(m) + £ ■ 

Again, letting m — > oo, we obtain ()4.8|) . □ 
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